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Vascularization of embryonic organs or tumors starts from a primitive lattice of capillaries. Upon perfusion,
this lattice is remodeled into branched arteries and veins. Adaptation to mechanical forces is implied to play a
major role in arterial patterning. However, numerical simulations of vessel adaptation to haemodynamics has
so far failed to predict any realistic vascular pattern. We present in this article a theoretical modeling of
vascular development in the yolk sac based on three features of vascular morphogenesis: the disconnection of
side branches from main branches, the reconnection of dangling sprouts “dead ends”, and the plastic exten-
sion of interstitial tissue, which we have observed in vascular morphogenesis. We show that the effect of
Poiseuille flow in the vessels can be modeled by aggregation of random walkers. Solid tissue expansion can be
modeled by a Poiseuille parabolic deformation, hence by deformation under hits of random walkers. Incor-
poration of these features, which are of a mechanical nature, leads to realistic modeling of vessels, with
important biological consequences. The model also predicts the outcome of simple mechanical actions, such as
clamping of vessels or deformation of tissue by the presence of obstacles. This study offers an explanation for
flow-driven control of vascular branching morphogenesis.
DOI: 10.1103/PhysRevE.73.061907 PACS numbers: 87.18.La, 87.18.Bb, 87.19.Rr
I. INTRODUCTION
Understanding the development of vessels in developing
organs or tissues is an important endeavor in the context of
developmental biology as well as in regenerative medicine,
graft and transplant surgery, tumor neo-angiogenesis, etc.
However, the development of a complete vascular system is
difficult to understand, because there are self-organization
rules, on the one hand, and very deterministic instructions
which seem to position vessels exactly on the other hand. For
example, the position of the dorsal aortas and of the navel is
very deterministic, identical in all individuals, while the
shape of blood vessels in the extra-embryonic organs or
around tumors has a quite pronounced stochastic component.
In order to understand and model the physical rules of
self-organization, we have addressed in detail the develop-
ment of the vasculature in the simplest of all organs of the
chicken: the yolk sac. All vertebrate embryos develop with
extra-embryonic organs, such as the human placenta or the
chick yolk sac 1,2. In the latter, blood vessel formation is
easy to study by in situ microscopy.
However, development follows a temporal sequence and
it is necessary to recall a few facts in order to understand the
boundary conditions of this problem. The very early avian
embryo first day has the shape of a flat disk. In mammals
it has the shape of a ball, but the embryo develops from a
discoidal section of that ball. During the first day after being
laid, there exist cellular motions “gastrulation” which will
modify the shape of this disk. These motions have been mod-
eled in detail recently 3; they lay down very simply the
boundary conditions for the moment when the model pre-
sented here starts to be relevant second day of develop-
ment. We shall then first present the establishment of these
boundary conditions, from a physicist’s point of view. From
this point of view, the transition from a disk towards an
embryo which has an extra-embryonic organ is understand-
able. Next, we shall summarize the biological observations.
Afterwards we go into the physical model. We present two
kinds of physical models: finite-element calculations of lo-
calized phenomena and Monte Carlo simulations of the glo-
bal architecture, which incorporate local features as simple
Monte Carlo rules. In the end, this article shows that
diffusion-limited aggregation growth 4 with a few addi-
tional rules allows one to model realistic vascular patterns.
II. INITIAL LANDSCAPE INSIDE THE EGG
A. Formation of the yolk sac
In summary, initially, the embryo is a disk. The south
“hemidisk” moves and contracts, and the disk takes the
shape of a figure 8 3 Fig. 1.
The contraction of the disk induces a tensile stress on the
extra-cellular matrix 3. This provokes a fissure through
which the top layer of the hemidisk ingresses. This fissure
nucleates in the center hyperbolic point of the flow. The
tissue which ingresses will form the yolk sac avian equiva-
lent of the mammal placenta. As the cells move underneath,
they induce a compressive stress which relieves the tensile
stress, because they move in opposite directions as the cells
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on top. Then, the crack closes and the central part of the
eight folds, as the ingressed tissue moves away from the
folds Fig. 2. As it moves away, the yolk sac extends in the
form of a disk of tissue, which surrounds the embryo.
As the motion continues, the compressive stress, after
closing the crack, folds the central part of the figure 8, such
that crack closure is followed by the formation of the embryo
body in that spatiotemporal order. These events are a con-
sequence of the same physical in-plane stress. The folds ac-
tually form the embryo. The folds are in the middle of the
disk, and the yolk sac surrounds the folds. The central tubes
of the folds form the heart, the guts, and the neural crest.
B. Situation when the work presented here begins
The initial landscape in the early avian egg, for our pur-
poses, is therefore composed of three regions Fig. 3. First
region, right in the center along the vertical axis with the
convention of Fig. 1 the embryo, composed of elongated
folds; second region, surrounding the embryo, the tissue of
the initial blastodisk, still two dimensional 2D, which did
not ingress and which did not fold it is the part which has a
figure-8 boundary in Fig. 3; it is called zona pellucida; and
third part, the tissue which ingressed, which has become the
yolk sac and which takes a circular form as it migrates away.
This tissue is composed of a top layer called ectoderm, a
middle layer called mesoderm, and a bottom layer called
endoderm. The formation of vessels occurs in the middle
layer, about 80 m thick.
Now, the initial flow. Two folds of the embryo become the
two tubular heart rudiments. These pump the blood from the
anterior part and send it towards the posterior part, inside the
body embryo, through the dorsal aortas. At the position of
the navel, the dorsal aortas “all of a sudden” turn at right
angles. The origin of this rotation is explained by the gastru-
lation motion: around the contraction center Fig. 1, the
force field in the disk is hyperbolic, and hence the mosaic of
cells is progressively deformed into a cross, which is appar-
ent in the shape of the vessels, which turn at right angles
around the navel 5.
C. Texture of the yolk sac
In addition, there is a structural aspect Fig. 4. In the
yolk sac, the cells form an almost random medium because
during the ingression through the crack they separate from
each other 6. In this extra-embryonic organ, a lattice of
FIG. 1. Progressive contraction of the south-
ern hemidisk Stokes approximation transforms
the initial blastodisk into a figure 8 from Ref.
3. Left, the contraction-vector field lines.
Right, the progressive deformation of the disk in
the field given to the left. The motion of cells
towards the hyperbolic point the center of con-
traction creates a tensile stress on the extra-
cellular matrix on which cells move.
FIG. 2. Scheme of the ingression. The flow of cells in the blas-
todisk creates a tension which opens a crack. Cells ingress in the
crack. Cells which ingress make a U turn in the vertical plane,
move away from the crack, and form the large disk around the
figure 8, which is the yolk sac. The crack closes because the stress
becomes compressive.
FIG. 3. The initial landscape inside the egg, at the moment when
our work starts 2.5 days. The very first blood islands are visible
along the edge of the yolk sac.
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small blood islands forms, called a capillary plexus 2,7.
Formation of a developed branching pattern is a matter of
how this initial capillary plexus “matures,” or “prunes” 7.
We address in this article the physical aspects of this prun-
ing: how a large branching vascular tree forms, from an ini-
tial lattice of small capillaries. These physical aspects con-
tain mainly two contributions: the effect of the flow and the
effect of the tissue expansion. In a given organ, the capillary
plexus may have a specific shape, inherited from deforma-
tion of the tissue; then, the pruning process has to be per-
formed on that shape. The influence of the initial shape of the
capillary plexus may define the position of the main vessels
8. We assume here a uniform lattice of capillaries in the
circular yolk sac.
A very concise summary of our findings is the following:
growth by shear stress plus displacement of vessels by inter-
stitial tissue pressure suffices to generate realistic blood ves-
sels. Growth by shear generates fractal-like branching pat-
terns akin to DLA trees, while lateral displacement stabilizes
and smoothens the trees along steepest stress-gradient lines.
An additional important fact is that most capillaries discon-
nect from vessels. This is how the initial tissue “sponge”
forms tubular vessels.
III. BRIEF RECOUNT OF WHAT IS OBSERVED
IN VASCULAR DEVELOPMENT
In this part, we summarize the experimental facts which
we do need for our purpose.
A. Primary and secondary circulation stages
At the start of heart beat, blood is pumped out through the
rudiments of arteries into the yolk sac and returns to the heart
through the rudiments of the cranial and caudal veins Fig.
5A.
This is called the primary circulation stage in biology
2,7,9,10. After day 2.5, two new venous openings occur
close to the vitelline arteries and the flow pattern changes;
instead of following arteries and veins in series, the flow
rapidly functions in parallel Fig. 5b: the venous pattern
closely follows the arterial pattern, so that two venous
trees come out of the embryo close to the already existing
vitelline arteries. This is called the secondary circulation
stage in biology 9,10.
In the primary circulation stage, the geometry is com-
pletely 2D of course, vessels have a diameter, so they are
3D, but all vessels are in the same plane and do not cross,
while in the secondary circulation stage, the geometry is
partly 3D: the pattern is quite flat, but vessels of two types
may cross each other. Several remarkable features of this
secondary circulation stage must be stressed: first of all, near
the embryo, where vessels are quite large up to 100 m in
diameter, blood does not flow directly from arteries into
FIG. 4. Aspect of the “navel” of the chicken. The aspect of the
dorsal aortas in the region of the navel is obtained by transporting in
the “flow” of Fig. 1 the mosaic of the embryo 5. In the center of
the embryo, between arm and leg rudiments, one finds a turn at
right angles of the mosaic from Ref. 5. This forms a template of
vessels in the region of the navel. This gives us the boundary con-
dition for the arterial outflow: two rudiments of arteries oriented to
the right, for one, to the left, for the other convention of Fig. 1.
FIG. 5. Color a Scheme of the primary circulation stage.
Veins are in blue, arteries in red. b Scheme of the secondary
circulation stage. c The true yolk sac, in the final state which we
wish to model.
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veins no shunts, although least-resistance arguments should
imply such a direct route. The arteries and veins are antipar-
allel: the flow is opposite in trees which follow the same
pattern.
In the primary as well as in the secondary circulation
stage, circulation of the blood leads to a remodeling of the
capillary plexus into branched arteries and veins. Arteries
and veins appear a few hours after perfusion. Arteries form
downstream the rudiments of arteries, centrifugally from the
embryo, and upstream the rudiments of veins, centrifugally
too.
In addition to this description, there exists a large circular
vessel, called the sinus vein Fig. 5a, which surrounds and
limits all the region of vessel formation; this vessel lines the
external boundary of the growing yolk sac. This circular vein
gets connected to the embryo by two anterior veins and,
eventually, by one posterior vein.
In conclusion, the geometrical boundary condition and
pressure conditions, from a physicist’s point of view, are as
shown in Fig. 6.
B. Mechanism of vessel remodeling
It has long been recognized that flow is essential to the
formation of vessels 10; as early as 1893, Thoma had the
intuition that vessels followed a least resistance path of flow,
although this was never actually proved, and that vessels
which experience a high flow widen. Old models of vascular
morphogenesis, based solely on molecular diffusion in the
manner of Turing have been very seriously questioned 11;
they cannot account for the very complex interlace of arteries
and veins. Also, very simple mechanical actions have enor-
mous consequences on blood vessel architecture see below,
although these actions hardly interfere with molecular diffu-
sion. Other models of vascular morphogenesis, based on
shear stress and transmural pressure, have been put forward
12–15. Adaptation to mechanical forces has for long been
considered to play a major role in arterial patterning and to
guide gene activation, but numerical simulations of vessel
adaptation to hemodynamics, including very refined biome-
chanical feedbacks “mechanotransduction”, so far have
failed to predict any realistic vascular pattern. The most com-
plex models make use of lattices of resistances whose resis-
tances change as a function of the current passing through
them. Therefore, these models make extensive use of Kir-
choff’s law for resistance networks to model the vessel ad-
aptation as a function of time. In these models, starting from
a lattice of bonds ij, connecting vertices i to vertices j, in-
cremental variations of resistances are performed numeri-
cally; then, the flow is recalculated and so on, step by step,
until a stable vasculature is presumably obtained. However,
these models fail to produce any realistic vascular pattern.
Grier and Mueth proposed a model 16 in which the perme-
ability of the vessels plays an important role, but again, the
model does not give any realistic pattern, and moreover, the
origin of vessel permeability is not discussed. More recently,
Fleury and Schwartz 17 proposed that blood vessel adapta-
tion of the capillary plexus is akin to the diffusion-limited
aggregation model, in its dielectric breakdown version
17,18. In this model, the growth of the vasculature is analo-
gous to the propagation of a cluster which grows in the di-
rection of high gradient of a Laplacian field. This analogy is
easy to understand: inside a small cylindrical tube, or be-
tween plates separated by a thin gap, the flow speed v has a
Poiseuille-like profile 19:
v = − R2/2grad P1 − y/R2 = Vmax1 − y/R2 ,
1
where y is the distance to the center,  the viscosity, and r
the radius. The speed is zero on the walls and maximum at
the center, and grad P the gradient of pressure. The flow rate
is
Q = R4/8 grad P . 2
So the conductance of a vessel of fixed length ratio of
pressure difference over flux varies as the fourth power of
its radius.
The shear stress at the wall is given by
 = −   v/y = 2/RVmax, 3
which shows that the shear stress diminishes with increasing
radius. When considering a lattice, the gradient is only the
pressure difference between neighboring vertices i and j, di-
vided by the lattice unit which fixes the length of individual
strands in the plexus. Because of incompressibility, the pres-
sure satisfies the Laplace equation in the plexus. The shear
stress on the tube wall is proportional to the speed in the tube
for a given constant diameter of the tube; the shear stress is
then proportional to the pressure drop between the vertices.
“Growth” of the vessel amounts to a replacement of a capil-
lary bond ij of diameter, say, r by a segment of blood vessel
of diameter R, with rR. It is assumed in biology that en-
dothelial cells feel shear stress and transmural pressure and,
hence, react by reorganization to enlarge the vessel. The con-
stitutive equation of this enlargement is not known. How-
ever, in the simplest case where the enlargement is propor-
tional to shear stress, the speed of forward progression of the
large tube is proportional to the speed of flow in the nearest
small tube forward. The new segment of diameter Rr is
much more conducting than the small vessel. Therefore, the
FIG. 6. Boundary and pressure conditions at start of the problem
from a physicist’s point of view. There is one large circular vein,
isopotential at low pressure. There are two arterial rudiments at high
pressure P1. There is a random lattice of capillaries in between the
embryo and the large vein. Right, an image of the true capillary
lattice.
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vessel pattern may be considered as very conducting, which
means equipotential in terms of pressure.
The progressive replacement of small vessels by larger
vessels is then formally identical to the propagation of a
diffusion-limited aggregation DLA cluster in the dielectric
breakdown version 4,20, the aggregate being the vessel tree
and the lattice around being the capillary plexus. The flow is
supposed to flow between a high-pressure point and a low-
pressure point kept at constant pressure “constant potential”
in the DLA picture, these boundary conditions are fixed by
the heart. It has been shown that this model leads to easy
self-organized growth of vessels quite reminiscent of blood
vessels 17. It has even been shown that this model leads to
a simple interlace of arteries and veins in 3D if capillary
disconnection is included 18 see below.
However, although convincing in terms of self-
organization, adaptation, and phylogeny, none of these mod-
els lead to truly realistic vessels. What is wrong with these
models? For all these models, the vessels are nondeformable
static tubes, except for the diameter variation. This, we be-
lieve, is the error. In order to form realistic vessels, one needs
to take into account the deformability of vessels. This de-
formability leads to several new features. Especially, the de-
formability at junctions leads to a closing and opening of
tubes at the junctions, which explains the very origin of ves-
sels see below. The expansion of the tissue leads to a pro-
gressive displacement of the tubes which explains why they
eventually form straight segments. The deformability of dead
ends leads to a regrowth and reconnection of dangling
sprouts to existing vessels, which explain the crossing of
vessels “dead ends” of vessels are formed when a capillary
is disconnected from an artery or a vein, so formation of a
true vessel is concomitant with formation of multiple
sprouts.
Incorporation of these three features into a simple physi-
cal model allowed us to create and explain complex and
realistic arterial-venous trees. Moreover, the model can pre-
dict the consequences of localized alterations of blood flow,
such as arterial occlusions, on the overall pattern of arteries
and veins. This model improves our understanding of neona-
tal anomalies, disease-related abnormal vascular patterns
such as tumor vasculatures, and development of collateral
circulations in ischemic diseases and drug- or growth-factor-
induced changes of vascular patterning.
IV. DETAILED DESCRIPTION OF THE NEW FEATURES
A. Detailed description of capillary disconnection
To ensure embryo growth and nutrient and oxygen uptake,
blood flow has to be distributed to the most distal note that
in biology distal means away from the body or organ center
parts of the capillary plexus i.e., the exchange area. Only
small areas of tissue can be sustained with diffusion across
capillaries only. This is why larger tubes are needed, to bring
flow directly to distal parts. High-magnification video mi-
croscopy has shown that this distalization of flow is achieved
by disconnection of small arterial side branches from larger
arteries that form the initial “flow highways,” Figs. 7–9 and
Ref. 9. Without this disconnection, vessels would simply
not form.
The paradox of vascular morphogenesis is, then, that ac-
tually a considerable number of vascular openings have to be
closed, and not opened, to reach a functioning vasculature,
and even to just make a tube. A typical chick vessel, seen
from end to end, shows that the number of lateral connec-
tions to capillaries is much smaller in proximal parts than in
distal parts Fig. 8. In distal parts, the vessel is merged into
the capillary plexus. In proximal parts, the vessel is a tubular
entity in itself, with almost no lateral orifices. As the discon-
nection happens, the arteries see more flow because discon-
nection interrupts “leakage” and they become larger. The
point at which a given lateral capillary gets disconnected is
FIG. 7. Examples of small vessel disconnection arrows, in-
cluding capillaries, and even one venule. The capillary-free zone
appears clearly on the left of the main venule bottom right and
also around the top-left arteriole.
FIG. 8. Morphology of a chick yolk sac vessel, by day 3.5, seen
from end to end approximately 2 cm, showing that the density of
connected capillaries is larger in distal parts than in proximal parts.
In the first two segments shown, there are simply no connections to
the capillary plexus; in the third, they are hardly visible, if any.
Perfused capillaries connected to the vessel are found mostly in
distal parts fourth segment. In proximal parts, one would be able
to cut vessels and separate them from the mesoderm; distal parts,
vessels are intimately connected to the tissue by capillaries.
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very localized at the junction with the bigger tube; it does not
require a shrinkage of the entire tube between two vertices.
As a consequence of the disconnection, large capillary-free
zones appear around the arteries 9,17,21,22, but not, or
much less, around the veins. These large capillary-free zones
surrounding main vessels are also known to exist in the brain
23. In this picture, the resistance of the vertices where the
vessels may be strangled depends on the ratio between the
flow in the bond ij and the total flow passing through the
vertex i. Therefore, it is entirely different from the progres-
sive narrowing of a bond ij as a function of the flow passing
through the bond ij itself. This is how true tubes without
leakage form from a spongy percolating lattice. Now, what
happens to the dangling bonds formed by the process of
disconnection?
B. Detailed description of capillary reconnection
Disconnected vessels often do not regress. The discon-
nected arterial segments dangling dead end subsequently
behave as sprouts, Fig. 9.
These sprouts are still connected to the arterial tree
through more proximal connections. High-magnification mi-
croscopy has shown that hemodynamic oscillations systole-
diastole beat can been observed in the dead-end lumenized
sprouts. Although they experience no average flow dead
end, these sprouts grow and swerve around the main arterial
segment from which they were disconnected, and they recon-
nect to the plexus on the other side of the vessel and become
essential to fashion the growth of embryonic veins. As a
consequence of these processes, the vascular plexus now has
a 3D configuration, with possible crossing of vessels, after
FIG. 9. Time lapse imaging of capillaries which are disconnected from arteries, then reconnected to veins, and again perfused reprinted
from Ref. 9. This image shows first a vitelline artery VA in a with several capillary loops which are connected to it; others are already
disconnected. From a to f, more capillary loops are disconnected. As a consequence, the dead ends appear as stagnant blood islands,
which lie along the artery, but are no longer in contact with the artery lumen. The dead ends behave as sprouts; especially, from f to i,
black arrows show a dead end which succeeds to grow over the artery and to reconnect to the other side. As an instantaneous consequence,
the blood is flushed from the stagnant islands and flow is resumed in the strands along the artery. Note that the direction of blood flow in
these strands is reversed. Now, venules can form in the capillaries which are disconnected from the artery and can be incorporated in the
venous bed, in the proximal to distal order, following centrifugally capillary strands which are oriented parallel to the arteries and growing
in the direction of arterial tips.
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these sprouts have themselves enlarged. This is how a 2D
plexus becomes 3D, and this is why vessels crossing each
other may give a false impression of being connected.
C. Detailed description of vessel displacement
Simple physical deformations of the tissue surrounding
the blood vessels can change the position of the branched
arteries and veins within the tissue dramatically. In vivo ob-
servations over time of selected vessel branch points showed
that vessels are displaced relative to each other Fig. 10.
This is the result of growth in-between vessels and vas-
cular stretch, since vessels as such do not have motility.
There exists a stretch component coming from the inside due
to flow and one from the outside due to tissue expansion. The
displacement of vessels tends to make tortuous vessels
straight, and it strengthens the angles. Conversely, a lack of
stretch and displacement tends to make vessels more tortu-
ous, as evidenced by stretch relief experiments data not
shown. Vessels are physically moved over time over consid-
erable distances, but not according to a mere homothetic di-
lation. The force exerted locally is self-organized, depending
on the local force exerted by each vessel and each point in
the tissue.
V. NUMERICAL SIMULATIONS OF DISCONNECTION
AND RECONNECTION
A. Modeling of disconnection
Disconnection of side branches occurs exactly at the point
of bifurcation, without affecting the remaining part of the
side branch 7,9. Our ansatz is that the bifurcation is as
much prone to adaptation as the tube between two vertices.
We thus calculate the deformation exerted by the blood flow
on the blood vessel wall, right at the point of bifurcation. In
order to calculate this adaptation, we assume that the tissue
forming the vessel and its surroundings will adapt to flow-
induced deformation by a simple elastoplastic adaptation. If
we couple flow inside the vessel with elastic deformation
outside the vessel fluid-structure interaction Fig. 11A, we
observe that closing of side branches is a typical behavior
which will occur in a narrow region around the interconnec-
tion, where the assumption of Poiseuille’s flow which is
only valid for straight, not branching, tubes breaks down,
leaving the rest of the tube almost unchanged. The calcula-
tion was done for an isolated bifurcation, with a given flow
velocity in the larger and in the smaller vessel. In principle,
the pressure and flow field should be entirely recalculated
self-consistently, taking into account the vessel architecture
upstream and downstream. However, we are interested here
only in the generic microevent of closure, rather than in the
consequences at the architecture level, which will be ad-
dressed below.
Closing of side branches is an irreversible phenomenon,
which disconnects capillaries right at the connection. The
effect of this morphological change is indeed that blood
flows towards more distal regions where it is needed in the
exchange area while vessels become true tubes without
“leakage” and with increased flow. Since the process repeats
itself in a proximal-to-distal progression during develop-
ment, it permits outgrowth of the arterial tree, preventing the
formation of arterial-venous shunts. In the same time, sys-
tematic closing of orifices transforms the random plexus into
true tubular entities in series.
Still, the pruning process does generate bifurcation points,
so not all side branches are chopped off. Our simulations
show that the local initial closure rate is controlled by the
flow direction, the amount of flow, and, most importantly, the
branching angle Fig. 11b the absolute pressure also mat-
ters, but this parameter was not varied in these calculations.
At the venous side, where blood flows from the side branch
into the main venule, our elastoplastic adaptation model pre-
dicts a smaller closure rate and even the opposite phenom-
enon: a widening of the venous side branch above a thresh-
old of flow speed. For arteries, there also exists a domain of
parameters in which small vessels open up instead of clos-
ing, thus allowing the formation of bifurcation points, but
this domain is much smaller than for veins. This is congruent
with observations of the microcirculation in vivo in which
terminal arterioles tend to be less numerous than the post-
capillary venules.
Examining the effects of branching angle shows that clos-
ing of side branches lateral to arteries occurs in this approxi-
mate model, at angles close to 75° or higher, while small
bifurcating angles 60°  leave side branches open in a
wide range of speeds. This explains why only a subset of
side branches are selected and why certain bifurcating angles
are directly selected by the flow. Therefore, our model sug-
gests that the flow selects by self-organization of a dielectric
breakdown model a tree which follows a subset of the cap-
illary plexus which has the proper angles already. This subset
is itself remodeled progressively, so that among the strands
of this subset, only the ones experiencing enough flow will
enlarge. Of course, in our calculation, the flow is imposed in
FIG. 10. Vessel displacement is readily observed on time-lapse
movies a, photos 1–4. The photo sequence shows a developing
part of the chick embryo yolk-sac vasculature between days 2 and
3. In photo 1 four branch points are selected and followed over
time; photos 2–4 show the fate of this region over a period of time
of 8 h. We visualize the differential growth of the tissue, by over-
laying a polygon, whose corners are at four chosen vessel bifurca-
tions, considered as absolute reference points. We follow the rect-
angle during time panel right. It is observed that the rectangle is
deformed and displaced. The motion is not a mere homothetic di-
lation, and it is completely self-organized by the branches as they
grow.
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an isolated ideal configuration, while in a true vascular sys-
tem, the entire pressure map has to be recalculated each time
a vessel is modified, with possible long-range effects. How-
ever, the results given in Fig. 16, below, suffice to understand
the principle of the phenomenon.
B. Numerical simulation of capillary reconnection
The second critical morphological event that needs to be
addressed is how physical forces may drive the movement
and sprouting of the disconnected segment over the main
branch. If we consider the shear generated at a dead-end
capillary facing a rigid cylinder, we see that the incentive for
growth hence the “navigation” of the dead end in response
to shear is oriented in the circumferential direction around
the tube Fig. 12a.
A growing sprout pushing itself forward will undergo ir-
reversible deformation above a threshold of plasticity yield.
As a net result, the sprout navigates in between larger tubes
and avoids them Fig. 12b. Therefore the same adaptation
rules accepted for perfused vessel lumen explain naturally
why a disconnected vessel which has internal pressure grows
over and around the main arterial vessel, even in the absence
of flow, and may reach and only fuse with available small
vessels on the other side. Unfortunately, we were not able to
complete entirely the growth of sprouts all the way around a
bigger vessel due to numerical instability of the finite-
element mesh at the sharp tip of the growing sprout, after
several tens of remeshing.
VI. COMPLETE STOCHASTIC MODEL
Do the morphological features linked to deformation—
disconnection, crossing with subsequent reconnection, and
displacement—explain and predict arterial-venous pattern-
ing? In order to generate large-scale architectures, we will
make use of a stochastic model.
A. Modeling of the growth of the arterial tree
It is classical in Monte Carlo simulations that one finds
the solution of the Laplace equation by means of random
walkers 24,25. The pressure map in a lattice of tubes con-
necting vertices ij is given by the concentration of random
walkers passing at each point. The random walkers are
launched at a point of high pressure and removed at the point
FIG. 11. a Left We have studied the flow induced elastoplastic deformation in the region where a side branch is connected to a larger
main branch using a physical model. In the model we have solved the Navier-Stokes equation in a cavity representing the connection a, for
both arteries and veins. As suggested by in vivo observations, we started with a high flow velocity in the main branch horizontal, in a and
a smaller flow velocity in the side branch. The flow velocity was assigned positive when separating from the main artery to a lateral smaller
arteriolar capillary if the two flows separate at the connection Vy is oriented downwards in the lateral vessel and negative in the other case
if the two flows converge at the connection, the flow Vy in the lateral venous capillary is oriented upwards. We also did the calculation for
a flow velocity equal to zero stagnant flow—e.g., the side branch is a dead end as is the case for an angiogenic sprout. Once the flow chart
is computed, we use the pressure and velocity along the boundary in order to calculate the elastic deformation of the surrounding tissue. In
order to find the deformation, we solve Hooke’s law outside the vessel using as boundary condition the pressure and shear exerted by the
flow a. These calculations are performed with the finite-element method in 2D. This gives the incremental elastic deformation induced by
the flow two examples are given in a, bottom. When compared to the initial configuration, this gives either a closing bottom left or an
opening rate bottom right, a negative positive rate for the width of the side branch. b Right We plot here the “first step” or initial
opening-closure rate as a function of the flow velocity in the side branch and as a function of the branching angle of the side branch. The
results show the domain of parameters in which arterioles or venules either tend to remain connected or to become disconnected, as a
consequence of the elastoplastic behavior of the cells at the bifurcation. The plot is therefore formed of four parameter domains on the x
axis: veins or arteries corresponding to negative or positive flow velocities: on the y axis, closing negative or opening positive rate. For
each angle, we find that the domain of arteriolar disconnection is much wider than the domain of vein disconnection see text. In the arterial
domain, side branches remain connected to the main branch for sharp angles only.
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of low pressure. This comes from the fact that in steady state,
the diffusion equation and the Laplace equation are formally
identical:
P = 0. 4
This comes from flux conservation:
div grad P = 0. 5
The random walk is a discrete and probabilistic version of
the diffusion equation, with conservation of probability at
vertices, which gives the solution of the Laplace equation, on
average.
The diffusion-limited aggregation model 4 consists in
growing an aggregate by letting such random walkers aggre-
gate when they touch a seed or the already aggregated par-
ticles. The growth of the cluster is a stochastic version of the
growth of a cluster in the direction of the high-pressure gra-
dient, itself formally identical to the progressive replacement
of small very resistive tubes, by large conducting tubes, in
the direction of high flow. We shall therefore grow blood
vessels by DLA growth. The aggregate itself is a vascular
tree; it is supposed to be formed of very conducting strands,
while the surrounding lattice is supposed to be composed of
very resistive strands capillaries only, which we do not rep-
resent in the images below. Therefore, in this model, there
exist only two types of vessels: capillaries the surrounding
medium where random walkers move and large vessels the
aggregate.
B. Modeling of the regression and reconnection of capillaries
In order to introduce capillary regression, we simply con-
sider that the closing of connections occurs in the oldest
fraction of existing vessels. For example, we may decide that
only the 20% last formed vessels last aggregated random
walkers are still connected to the capillary plexus. The jus-
tification of this rule is the following: it is known in
diffusion-limited aggregation phenomena that the active re-
gion scales with the size of the aggregate and occupies only
the external boundary “canopy” of the tree. This in return
means that the flux is much smaller “screened” in the older
parts of the tree 25. As a consequence, we may consider as
a simplification that the ratio of current inside the vessels and
currents flowing out of tips goes below a critical value, in-
ducing capillary disconnection, by the monomers which are
“old enough” and with an age which scales with size. This is
both because the lateral flow decreases and, in the meantime,
the longitudinal flow towards more distal areas increases.
This selects by self-organization the distal parts as the parts
still connected to the plexus, which is qualitatively correct,
and the dimension of these distal parts increases with the
absolute size.
In order to model capillary reconnection, we fix a prob-
ability for a random walker facing one disconnected tube to
jump over and connect a dangling bond located on the other
side, across an existing vessel. This corresponds to consider-
ing a pressure gradient between either sides of an existing
arterial tube to be the incentive for growth of a venous
sprout, albeit with a difficulty to cross the tube, which is
qualitatively correct.
C. Modeling of the displacement of tubes
It has been shown recently that the deformation of the
embryo and of the yolk sac at early stages can be modeled by
a slow viscous flow of the cells 3,5. This flow follows a
Laplacian field in the tissue, which is not the same as the
Laplacian field inside the tube, which was used above. This
field lies in between vascular tubes, while the previous one
lies entirely inside the tubes. Inside the tubes, there is a true
liquid blood. In between the tubes, it is a plastic solid
which behaves like a liquid because it is a thin layer 3. In
this solid,
U = − h2/12grad P 6
with
P = 0, 7
where U is the solid flow in the middle,  an equivalent
viscosity, and h the thickness.
The fact that the deformation rate in the yolk sac, in be-
tween tubes, is Laplacian allows us to introduce a new set of
FIG. 12. Using a simple elastoplastic model, we perform itera-
tively the growth of a small vessel sprout SP or tip, which faces a
tube a. The calculation is performed in 2D by the finite-element
method. In this figure, a segment of the small disconnected tube is
seen facing two bigger tubes. We show here simultaneously a one
tip facing a tube in a symmetrical situation a, bottom part and
one tip facing a tube in an asymmetrical situation a, top part.
Stars show the arterial lumens. Pressure is exerted from the inside
of the small sprout. This creates a stress field around the tip. We
select an ad hoc threshold of shear. The colored line shows the
region above this threshold. Many up to 50 elastoplastic steps of
growth are performed iteratively by letting the sprout deform and
by considering that only the deformation above a certain threshold
is plastic deformation for good, below the threshold the deforma-
tion is elastic. The results b show that the disconnected vessel
preferentially sprouts out from the tips and the sprouts tend to avoid
the large tubes and grow towards the most favorable region, hence
swerving around the tube. This effect, however, is dependent on the
magnitude of the threshold, for the elastoplasticity of the tissue and,
above all, on the components of the deformation which are chosen
for the plasticity level this translates in biological terms in whether
cells divide and adapt in response to tensile deformation or to shear,
or to a combination of them; in this calculation, only shear is taken
into account.
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random walkers for the displacement field. This is probably
the newest feature in this sort of simulation. Random walkers
in the tissue correspond mathematically to pressure in the
solid, and upon hitting a vessel, they shift it sideways by one
pixel, because the gradient of pressure is proportional to the
deformation. However, we consider that the aggregate the
vessels cannot be disconnected Fig. 13 by such displace-
ments. This amounts to considering that there is a line ten-
sion to the vessels: it costs a lot of energy to interrupt an
existing well-formed vessel.
Technically, we therefore launch random walkers which
we call displacement walkers, which, upon hitting the ag-
gregate, displace the strand which they have hit if the local
connectivity is maintained. Displacement walkers may be
launched from everywhere, if one assumes that the yolk sac
expands by catching up nutrients directly in the yolk under-
neath, or from the vessels only, if one assumes that expan-
sion requires growth factors carried by the flow. Actually, we
found little difference in these two assumptions at this level
of description. In the simulations shown, they are launched
from the vessels. Since vessels span the entire yolk sac, and
since the Laplace equation has a smoothing effect, it makes
little difference to launch walkers from the disk or from the
branches.
When the displacement walkers reach a tip instead of a
lateral side, the tip is not retracted if the flow is strong
enough inside: this is simply modeled by considering that the
last arrived monomers, which are the active tips which see a
large flow, cannot be retracted. Other dangling tips, which
have for some time not grown, are supposed to see very little
flow and, hence, can be retracted if displacement walkers
reach them. Therefore, this parameter models the inhibiting
effect on growth of transmural pressure if the internal flow is
not strong enough.
Although all the rules given above may seem complex,
in the end they each describe a simple feature which is
observed and which are all of a physical origin. In summary,
there are four numerical parameters in this model. One
parameter describing the plasticity of vessel bifurcations,
which is the ratio of still connected monomers, over the
total number of monomers. Second is the probability of a
dangling disconnected capillary to reach out on the other
side of a vessel; this parameter describes the elastoplastic
regrowth of a sprout around an artery. Third is the number of
very last tips which can resist shrinkage; this describes the
competition between shear inside and shear outside the ves-
sel. The final parameter is the number of displacement steps
in between each growth step—i.e., the number of displace-
ment random walkers launched—in between growth random
walkers. This models the proportion of tissue expansion ver-
sus local reorganization of vessel diameters or, in other
words, the interstitial tissue “viscosity” over the cell wall
“viscosity.”
However, several noticeable features are absent from such
a simulation: the longitudinal effect of the force exerted in-
side the vessels, leading to intercalary extension of strands
this is absent from DLA models, which always grow by tips;
however, our model contains longitudinal extension by ex-
ternal forces, the effect of shear inside the vessels, on the
surrounding medium, and buckling instabilities of strands
which could lead to meandering vessels. This cannot be
treated without solving the elasticity equations finely. The
effect of diffusible molecules such as growth factors or even
oxygen is not treated here.
VII. RESULTS
Integrating these features in simple Monte Carlo simula-
tions Figs. 14 and 15 shows that we can now grow, by
self-organization, arterial and venular networks highly simi-
lar to those observed in chick embryo yolk sacs in vivo.
Surprisingly, realistic architectures are obtained without hav-
ing to take into account Kirchoff’s law. This points to the
fact that mechanical forces deform and pattern vessels, with
rules which are not restricted to diameter adaptation of static
lattices in response to shear and transmural pressure, as so
far considered. It is necessary to gently and progressively
move vessels to form a realistic vasculature.
The model reproduces and explains a considerable num-
ber of in vivo observations.
In Fig. 14 we start with a simplified version of the pri-
mary circulation stage: two venous rudiments on the cranial
side vitelline veins, corresponding to the initial situation
observed in a day-2 chick embryo. Two arterial rudiments
left and right vitelline arteries are put in the center of the
embryo. The simulation generates the fusion of the cranial
venular segments into a single strand, which connects itself
to the sinus vein by an angular reentrance. This reentrance is
typical of a geometrical feature linked to mechanical equilib-
rium, which cannot be obtained by resistance network adap-
tation. The sinus vein, and the entire yolk sac, extends stably,
under the progressive deformation generated by the vessels
“push.” Formation of bows or loops can also be observed at
a smaller scale.
The arteries display more branching vessels towards the
convexity than towards the concavity, as observed. The
physical explanation of this fact is simply that the Laplace
equation is screened inside a concavity small flux, while
the flux is higher on a convexity of radius of curvature R
being proportional to 1/R. This is again a geometrical fea-
FIG. 13. In our stochastic model, random walkers model the
effect of interstitial pressure. When these random walkers arrive on
the tree, they shift it sideways by one pixel two examples of hits
are shown to the left, except if such a move would disconnect the
tree one example of forbidden hit to the right.
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ture which cannot be obtained by Kirchoff’s law.
The vessels are more random at the distal tips and more
regular in the proximal parts. The regularization process
progresses in a proximal to distal order, just as observed in
vivo. The physical explanation of this fact is simple: in the
presence of line tension, a boundary which moves in a La-
placian field is stable for all wavelengths if the speed is nega-
tive with respect to the pressure gradient. In the vascular
system, eventually the vessels do not move away, they only
reorganize, so V fluctuates around zero, but always with a dV
which is negative with respect to grad P because a push
always amounts to a recession, and not a growth. In addi-
tion, the line tension is very large, so all vessel strands ulti-
mately smoothen. The formation of straight vascular fila-
ments is analogous to the equilibration of boundaries which
push each other. The process generates a pattern akin to a
polygonal Dirichlet domain 25, as classically obtained
when moving boundaries are pushed against each other, al-
though here it is an open growing tree. This self-organization
is then a consequence of concomitant adaptation of the ves-
sels and of the interstitial tissue. Without the deformation of
the vessels, one gets DLA-like vessels, which are too bushy
16; this is also true of all models which are limited to
variations in diameters of on-lattice vessels. In quasistatic
growth, one will find the straight vessels aligned with the
steepest gradient of pressure. Indeed, since the boundaries
equilibrate pressure, there will be no pressure drop across
them at equilibrium, so they are eventually perpendicular to
isopressure lines. Seen otherwise, the strands are pushed by
hits in the direction of tissue growth, which is the direction
of −grad P in the solid. In general terms, the pattern of lines
FIG. 14. a Typical true yolk sac. SV=sinus vein. Stars=arteries. VA=vitelline artery. V=cranial vein. The embryo is clearly visible in
the center. b Numerical modeling by Monte Carlo simulation of the morphogenesis of a vascular tree B1–B4. The model is defined by
an initial boundary condition and capillary plexus a matrix of pixels. In this simplified simulation, we put two arterial rudiments at the
center and two venous rudiments at the head only we do not include the caudal vein. Next, we use random walkers RW on the lattice to
model diffusion fields around the vessels and hence the effect of both shear inside the tube and push outside the tubes see text. When a
growth RW hits an existing vessel, itself part of a tree, the RW is aggregated to it and the vessel extended by one pixel. Such a random
aggregation is a stochastic version of capillary enlargement by adaptation to stresses; the growth of the aggregate seen here as a growing red
tree is formally identical to enlargement of capillaries in the direction of high gradient of pressure the vasculature grows proportionally to
−grad P; see text. When a displacement RW hits the tree, the monomer of the tree is moved sideways by one pixel. The parameters of this
simulation are the total fraction of disconnected monomers, at each step, 70% of all segments. For example, if 1000 monomers are present
in the tree, the first 700 are disconnected. The ration of displacement hits with respect to the growth hits is 4. This to say that four
displacement random walkers are launched between each extension random walker. The nonretractable monomers are the last 5% which
have arrived. In B1–B4, the arterial tree is actually surrounded by a lattice of capillaries which is not represented for reasons of clarity.
Since blood flows out of arteries towards veins, the particles driving the growth of veins are launched from the arteries and vice versa. In
order to investigate the remodeling of the vasculature in reaction to interstitial tissue shear, we incorporate pressure driven displacements of
vessels. We add to the model a second family of RW’s which, coming from vessels, move the vessels. Upon hitting a vessel, a RW simply
moves the hit vessel laterally by one step. In some dead ends tips, the motion amounts to a retraction see text. The actual motion of
vessels is the self-organized result of all these pushes. To model capillary disconnection, vessels are progressively disconnected from the
plexus as they grow. In the simulation displayed here, we show only the arteries, to make the comparison of the arterial patterning easier. The
oldest arteries tend to progressively form regular boundaries, while distal parts are still more random and bushy. Note the completely
spontaneous formation of a crablike pattern, the progressive extension of a stable circular sinus vein, with an angular re-entrance at the head.
SV=sinus vein; VA=vitelline arteries.
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will tend to progressively follow the lines of steepest normal
stress gradient.
The model, furthermore, allows predictions of the
changes in arterial-venous vascular network structure based
on changes in flow or tissue stress. We consider one ex-
ample: the in vivo effect of arterial conclusion Fig. 15a. In
this case the starting conditions for the corresponding
simulation are a single artery on one side loss of bilateral
symmetry. The model predicts that the artery will split
into two elongated loops crossing the head-to-tail axis. In-
stead of having a quadrupolar shape as in the control,
the boundary conditions are more of a horizontal bipolar
nature a flow output towards the yolk sac at the left side,
a flow input from the yolk sac at the right. On the occluded
side, a single vein forms which reaches out towards the
sinus vein Fig. 15b. This is exactly what is observed in
vivo star=vein, arrows=artery.
Similar simulations can be performed for other geometri-
cal conditions such as the eye, or in the presence of twins,
which will be presented elsewhere.
We have investigated the effect of a change of the values
of the parameters in a simplified rectangular situation. Figure
16 shows typical morphologies, as a function of the param-
eters in the problem.
The interlace of arteries and veins in 3D is easily obtained
as soon as crossing becomes possible. In proximal regions
vessels do not flow directly into each other, since arteries are
not connected. In distal parts, arteries and veins become in-
terlaced, because of the interstitial tissue shear, which pushes
veins towards the middle between existing arteries. This dis-
placement is the sum of a considerable number of incremen-
tal displacements. With respect to a reference situation such
as Fig. 16.1, the effect of varying the parameters is rather
clear: increasing capillary disconnections distalizes the
source of flow emanating from the tip arteries. This tends to
generate long filamentous vessels; increasing the effect of
compression by the interstitial tissue also favors elongated
and sparse vessels.
VIII. DISCUSSION AND CONCLUSION
Taken together our data suggest that a dynamic interaction
between the physical forces inside blood vessels due to flow
of blood and the elastoviscoplastic solid tissue around col-
laborate in shaping the vascular architecture. Both vessels
and interstitial tissue grow and adapt, but they should be
considered as different, although interacting, components of
the “living material,” viewed as a composite. There is a true
flow inside the vessels, and an elastoviscoplastic flow out-
side, in the tissue. This complex flow was modeled here as a
viscous flow. Thin-film deformation of the cell layer of the
yolk sac is akin to a Poiseuille flow. Interstitial “flow” affects
vessel morphology, and conversely, vessel growth affects and
feeds tissue growth. Alterations in this balance on either side
may have profound effects on the establishment of the
arterial-venous network in the tissue.
We furthermore demonstrate that a process of self-
organization can result in the establishment of realistic
branched arterial-venous networks, suggesting that branch-
ing of arterial networks does not have to be genetically hard-
wired. However, vessels tend to follow lines parallel to the
local gradient of stress pressure gradient lines, if the solid
can be treated like an incompressible fluid.
The difference in mechanical properties may explain dif-
ferences in vascular patterns between normal, hypertensive,
or tumoral tissue, cartilage and bone, etc.
Capillary breakage is a new and most important feature of
vessel formation. It blocks shunting between arteries and
veins. As a result of vessel breakage, growing arteries can
FIG. 15. a shows the calculated prediction of arterial occlusion
on patterning by the physical model. The simulation was started
with a single artery to the left and a single vein to the right. In this
situation the arterial tree grows and tilts towards the right side of the
embryo. Similar to the in vivo situation, two main branches pass the
head-to-tail axis, one in the head region, one in the tail region. This
situation amounts to transforming a quadrupole into a dipole. b
shows the effect of a mechanical conclusion of the right vitelline
artery on global patterning of the arteries and veins in the chick-
embryo yolk sac. Note in comparison to the control situation in Fig.
5 that the global patterning has changed for both arteries and veins.
Arteries start to grow from the left-hand side towards the right-hand
side, crossing the midline, moving towards the venous plexus on the
right side. The right vitelline artery has transformed into a vein.
Both the posterior caudal and anterior cranial vitelline veins are
absent. Note the remains of the reentrance of the two cranial veins,
along the sinus vein, in the region of the anterior “north” pole by
1 o’clock, in this image. Scale bar 1.5 mm.
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carry blood to distal parts without loss. This permits the evo-
lution of more distal appendages. As such, vessel breakage
may, through regulation of arterial tree size, control organ
development and allow the evolution of bigger animals.
Finally, we acknowledge that there exist other deforma-
tion modes than the one we have considered. Especially, ves-
sel stretch from the inside of the vessel was not considered,
nor were the buckling instabilities, which lead to meandering
FIG. 16. Color Typical morphology diagram, as a function of parameters in the simulation. In this plate, we vary the following
parameters: the proportion, Ndisplace, of displacement-random walkers vs growth-random walkers. The proportion of disconnected vessels
Pdisconnection, and the probability of a vein to grow across an artery, if a random walker reaches it, Pcross. In 16.1 “control” Pdisconnection
=50%, Ndisplace=30, Pcross=1, in 16.2 Pcross=0, in 16.3 Pdisconnection=80%, in 16.4 Pdisconnection=0, in 16.5 Ndisplace=50%, and in 16.6
Ndisplace=10%. In 16.1, a reference configuration in which the probability of crossing is one: veins cross arteries in the proximal regions
without shunting and grow in direction of the tips of arteries the sources of random walkers where they interlace with arteries. In 16.2, the
probability of crossing is now zero; as a consequence, veins are forced to turn around arteries to enter into the “fjords” in an interlace
fashion. In 16.3, the capillary disconnection is enhanced; as a consequence, the sources of flow for the veins are more distal; this generates
a pattern of very thin and elongated veins. In 16.6 the situation is shifted with respect to 25.1, towards less displacement; vessels are more
bushy and exhibit direct A-V shunts in the distal parts, because the deformation exerted by the interstitial tissue is not strong enough to keep
the growing veins away from the arteries. In 25.5 we identify a set of ad hoc parameters which generates an interlace of arteries and veins.
It is remarkable that the tendency of arteries to grow towards veins and vice versa may be equilibrated by the reaction of interstitial tissue
which tends to shift them away; as a consequence, vessels approaching arteries tend to grow in parallel, with capillaries in between them
note that the capillaries are not shown, they form the discrete lattice on which the simulation is performed, as observed in the chick yolk
sac, the chorioallantoic membrane, or even the retina vasculature. Such an interlaced vasculature is typical 1. In 16.5, the physical push by
interstitial tissue is very strong and capillary breakage is medium 50% of the most distal arterial strands are still connected. Excess of
capillary breakage and increased interstitial force appear as factors of vascular rarefaction, the major architectural feature of hypertension.
Conversely, reduced capillary breakage or reduced interstitial force increases the number of A-V shunts and makes more noisy, wavy, vessels.
In simulations 2 and 3, the arteries were grown first and the veins were grown afterwards as is the case for the secondary circulation stage.
In all simulations, the total number of vein monomers which have been launched in order to grow a tree of a given size is bigger than for
arteries. This comes from constant shifting and hindering of growth by displacement walkers and of discarded walkers when crossing is not
possible. This is qualitatively correct in terms of tissue development: increased pressure or the presence of obstacles hinders growth. It is also
an observed fact that veins grow more slowly than arteries, as appears in most images above. Remember that the final shape of a vascular
bed is a result of progressive proximo-to-distal regularization of vessels by the self-organizing process; bushy venular beds become
progressively elongated and thin strands, as commented above especially Fig. 10; see also other figures.
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vessels whenever vessel elongation is faster than tissue
growth. However, the experiments and models presented
here open the way to a direct mechanical modeling of vas-
culatures. The challenge will be to integrate molecular and
mechanical contributions to branching morphogenesis. Espe-
cially the complex mechanical behavior of endothelial cells,
the interaction of blood flow with actin cytoskeleton rear-
rangements, and responses to growth factors may aid to gen-
erate artificial vessel or position new vessels in the context of
therapeutic arteriogenesis 26.
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